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a b s t r a c t
We prove that if the displacement coefficient of the damping of the 3D wave equation is
a positive constant on the interval (−l, l), for large enough l > 0, then this equation has
a strong global attractor in H10 (Ω)× L2(Ω). We also show that this attractor is a bounded
subset of H2(Ω) ∩ H10 (Ω)× H10 (Ω).
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1. Introduction
In this paper, we consider the following initial-boundary value problem for a wave equation with nonlinear damping
coefficient:
wtt −1w + σl(w)wt + f (w) = h(x), in (0,∞)×Ω, (1.1)
w = 0, on (0,∞)× ∂Ω, (1.2)
w(0, ·) = w0, wt(0, ·) = w1, inΩ, (1.3)
whereΩ ⊂ R3 is a bounded domain with sufficiently smooth boundary and h ∈ L2(Ω).
The strong global attractor for (1.1)–(1.3) was investigated in [1], in 1D case, where the authors critically used the
embedding H1(Ω) ⊂ C(Ω). In the 2D case strong global attractors for (1.1)–(1.3) were studied in [2] and later in [3]. For
the 3D case, attractors for (1.1)–(1.3) were considered in [4]. In that article, in the case when σl(·) is not globally bounded,
the authors proved the existence of a weak attractor. However, the regularity of the weak attractor and the existence of a
strong attractor were left as open questions. In this paper, we answer these questions under some additional conditions on
σl(·).
Let us state the assumptions on nonlinear functions f and σ :
• f ∈ C1(R), ∣∣f ′(v)∣∣ ≤ c(1+ |v|2), 0 v ∈ R, (1.4)
• lim inf|s|→∞
f (s)
s
> −λ1, where λ1 = inf
ϕ∈H10 (Ω),ϕ 6=0
‖∇ϕ‖2L2(Ω)
‖ϕ‖2L2(Ω)
, (1.5)
• σl ∈ C(R) ∩ C1(R \ {±l}), (l > 0), σl(s) ≥ σ0 > 0, 0 s ∈ R, (1.6)
• σl(s) = α, 0 s ∈ [−l, l] and
∣∣σ ′l (s)∣∣ ≤ c(1+ |s|), 0 s ∈ R \ {±l}. (1.7)
The well-posedness and dissipativity of problem (1.1)–(1.3) were proved as the following theorem in [4]:
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Theorem 1.1. Let conditions (1.4)–(1.7) hold. Then for any T > 0 and (w0, w1) ∈ H := H10 (Ω) × L2(Ω) the problem (1.1)–
(1.3) has a unique weak solutionw ∈ L∞(0, T ;H10 (Ω)) ∩W 1,∞(0, T ; L2(Ω)) ∩W 2,∞(0, T ;H−1(Ω)) on [0, T [×Ω , such that
‖(w(t), wt(t))‖H ≤ c(‖(w0, w1)‖H )e−t + c(‖h‖L2(Ω)), 0 t ≥ 0, (1.8)
where c : R+ → R+ is a nondecreasing function.Moreover if v ∈ L∞(0, T ;H10 (Ω))∩W 1,∞(0, T ; L2(Ω))∩W 2,∞(0, T ;H−1(Ω))
is also weak solution to (1.1)–(1.3) with initial data (v0, v1) ∈ H , then
‖w(t)− v(t)‖L2(Ω) + ‖wt(t)− vt(t)‖H−1(Ω) ≤ c˜(T , R˜)
(‖w0 − v0‖L2(Ω) + ‖w1 − v1‖H−1(Ω)) , 0 t ∈ [0, T ],
where c˜ : R+ × R+ → R+ is a nondecreasing function with respect to each variable and R˜ = max{‖(w0, w1)‖H , ‖(v0, v1)‖H }.
From Theorem 1.1 it follows that, by the formula (w(t), wt(t)) = S(t)(w0, w1), the problem (1.1)–(1.3) generates a
weak continuous semigroup {S(t)}t≥0 in H , where w(t, x) is a weak solution of (1.1)–(1.3), determined by Theorem 1.1,
with initial data (w0, w1).
Now let us recall some basic definitions:
Definition 1.1. Let {V (t)}t≥0 be an operator semigroup on a linear normed space E. A set B0 ⊂ E is called an absorbing set
for the semigroup {V (t)}t≥0 iff for every bounded set B ⊂ E, there exists a T0 = T0(B) > 0 such that V (t)B ⊂ B0 for all
t ≥ T0.
Definition 1.2. Let {V (t)}t≥0 be an operator semigroup on a linear normed space E. A set A ⊂ E is called a strong (weak)
global attractor for the semigroup {V (t)}t≥0 iff
• A is strongly (weakly) compact in E;
• A is invariant, i.e. V (t)A = A, 0 t ≥ 0;
• A attracts the images of all bounded subsets of E in the strong (weak) topology, namely, for every bounded subset B of E
and every neighborhoodO ofA in the strong (weak) topology of E there exists a T0 = T0(B,O) > 0 such that V (t)B ⊂ O
for every t ≥ T0.
Our main result is:
Theorem 1.2. Let conditions (1.4)–(1.7) hold. Then there exists a l0 > 0 such that a semigroup {S(t)}t≥0 generated by (1.1)–
(1.3) possesses a strong global attractor in H , for every l > l0. Moreover this attractor is a bounded subset of H1 :=
H2(Ω) ∩ H10 (Ω)× H10 (Ω).
2. Regularity of a weak global attractor
By (1.8) it follows that B0 := {ϕ : ϕ ∈ H, ‖ϕ‖H ≤ 1 + c(‖h‖L2(Ω))} is a bounded absorbing set for the semigroup{S(t)}t≥0 inH . Then it is easy to check that the setA := ∩τ≥0[∪t≥τ S(t)B0]Hw is a weak global attractor for {S(t)}t≥0 inH ,
where [ ]Hw denotes the weak closure inH . To prove the regularity ofA, we start with the following lemma:
Lemma 2.1. Let conditions (1.4)–(1.7) hold and let B be a bounded subset of H1. Then there exists lB > 0 such that for every
l ≥ lB and (w0, w1) ∈ B the problem (1.1)–(1.3) has a unique strong solutionw ∈ L∞(0,∞;H2(Ω))∩W 1,∞(0,∞;H10 (Ω))∩
W 2,∞(0,∞; L2(Ω)), which is also the solution of{
vtt −1v + αvt + f (v) = h(x), in (0,∞)×Ω,
v = 0, on (0,∞)× ∂Ω,
v(0, ·) = w0, vt(0, ·) = w1, inΩ,
(2.1)
and satisfies the following inequality
‖(w(t), wt(t))‖H1 ≤ r, 0 t ≥ 0,
where the positive constant r depends on B and h, but is independent of (w0, w1).
Proof. It is well known (see for example [5, Lemma 2.1] or [6]) that, problem (2.1) has a unique strong solution such that
‖(v(t), vt(t))‖H1 ≤ r1, 0 t ≥ 0, (2.2)
and consequently
‖v(t)‖C(Ω) ≤ r2, 0 t ≥ 0, (2.3)
where positive constants r1 and r2 depend on B and h, but are independent of (w0, w1).
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Now set lB = r2 + 1 and consider (1.1)–(1.3) for l ≥ lB. Differentiating both sides of (1.1) with respect to t , multiplying
obtained equation by 2wtt , integrating over (0, T )×Ω and taking into account (1.4)–(1.8) we have
‖wtt(t)‖2L2(Ω) + ‖wt(t)‖2H1(Ω) ≤ c1 + c1
∫ t
0
[
‖wt(s)‖2H1(Ω) + ‖wt(s)‖3H1(Ω)
]
ds, (2.4)
where the positive constant c1 depends on B and h, but is independent of (w0, w1). By (2.4), we see that problem (1.1)–(1.3)
with initial data (w0, w1), has a unique local strong solution w ∈ L∞(0, T(w0,w1);H2(Ω)) ∩ W 1,∞(0, T(w0,w1);H10 (Ω)) ∩
W 2,∞(0, T(w0,w1); L2(Ω)) for some T(w0,w1) > 0. Then by the embedding theorems (see [7, Theorem 3.1, p. 19 and Lemma
8.1, p. 275]), we obtain that (w,wt) ∈ Cs(0, T(w0,w1);H1) andw ∈ C([0, T(w0,w1)]; C(Ω)). Set
Tsup = sup
{
T : w ∈ L∞(0, T ;H2(Ω)) ∩W 1,∞(0, T ;H10 (Ω)) ∩W 2,∞(0, T ; L2(Ω))
}
.
Let us show that Tsup = ∞. If not then
Tsup <∞ and lim sup
t↗Tsup
‖(w(t), wt(t))‖H1 = ∞. (2.5)
Assume that limT↗Tsup ‖w‖C([0,T ];C(Ω)) > r2. Then, since by (2.3) ‖w0‖C(Ω) ≤ r2, there exist ε ∈ (0, 1) and T0 ∈ (0, Tsup),
such that
‖w(T0)‖C(Ω) = r2 + ε and ‖w(T )‖C(Ω) ≤ r2 + ε, 0 T ∈ [0, T0]. (2.6)
So by (1.7), for l ≥ lB the functionw(t, x) satisfies (2.1) on [0, T0]×Ω andbyuniquenesswehavew(t) = v(t)on [0, T0]. Now,
since (2.3) contradicts (2.6) we have limT↗Tsup ‖w‖C([0,T ];C(Ω)) ≤ r2. Hence w(t) = v(t) on [0, Tsup) and (2.2) contradicts
(2.5). Thus Tsup = ∞ and the above argument finishes the proof. 
Theorem 2.1. Assume conditions (1.4)–(1.7) hold. Then there exists l0 > 0 such that for every l > l0 the weak attractor A is a
bounded subset of H1.
Proof. We use the method used in [3,5]. SinceA is invariant, for every (w0, w1) ∈ ω(B) there exists an invariant trajectory
γ = {W (t) = (w(t), wt(t)), t ∈ R} ⊂ A such that W (0) = (w0, w1) (see [8, p. 159]). Let us decompose w(t) as
w(t) = un(t, s)+ vn(t, s), where{
vntt + αvnt −1vn + fn(w) = h(x), in (s,∞)×Ω,
vn = 0, on (s,∞)× ∂Ω,
vn(s, s, ·) = 0, vnt(s, s, ·) = 0, inΩ,
(2.7)
and {untt + σl(w)wt − αvnt −1un = fn(w)− f (w), in (s,∞)×Ω,
un = 0, on (s,∞)× ∂Ω,
un(s, s, ·) = w(s, ·), unt(s, s, ·) = wt(s, ·), inΩ,
(2.8)
where fn(s) =
{
f (n), s ≥ n,
f (s), |s| < n,
f (−n), s ≤ −n,
, n ∈ N. Differentiating (2.7)1 with respect to t we have
{
vnttt + αvntt −1vnt + f ′n(w)wt = 0, in (s,∞)×Ω,
vnt = 0, on (s,∞)× ∂Ω,
vnt(s, s) = 0, vntt(s, s) = h− fn(w(s)), inΩ.
(2.9)
Now by the formula A(u, v) = (v,1u− αv), 0 (u, v) ∈ D(A) := H1 denote A : D(A) ⊂ H → H . It is well known (see
for example [9]) that,∥∥etA∥∥
L(H,H)
≤ Me−ωt , 0 t ≥ 0,
for someM > 0 andω > 0. Applying the variation of parameters formula to (2.9) and taking into account the last inequality
we obtain
‖(vnt(t, s), vntt(t, s))‖H ≤ Me−ω(t−s) ‖h− fn(w(s))‖L2(Ω) + c1(n)
∫ t
s
e−ω(t−τ) ‖wt(τ )‖L2(Ω) dτ
≤ Me−ω(t−s) ‖h− fn(w(s))‖L2(Ω)
+ c2(n)
(∫ t
s
e−ω(t−τ) ‖wt(τ )‖2L2(Ω) dτ
) 1
2
, 0 t ≥ s. (2.10)
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On the other hand, sinceA ⊂ B0 and (w(t), wt(t)) ∈ A, 0 t ∈ R, we have
‖(w(t), wt(t))‖H ≤ 1+ c
(‖h‖L2(Ω)) , 0 t ∈ R. (2.11)
Since w(t, ) satisfies (1.1), multiplying (1.1) by wt(t, ), integrating over (−∞,∞) × Ω and taking into account (2.11)
we find∫ ∞
−∞
‖wt(t)‖2L2(Ω) dt <∞. (2.12)
Now by (2.10)–(2.12), for every n ∈ N, there exists Tn < 0 such that
‖(vnt(t, s), vntt(t, s))‖H ≤ r1, s ≤ t ≤ Tn,
where the positive constant r1 depends on ‖h‖L2(Ω), but is independent of n and s. Taking into account the last inequality in
(2.7)1 we obtain
‖(vn(t, s), vnt(t, s))‖H1 ≤ r2, s ≤ t ≤ Tn, (2.13)
and consequently
‖vn(t, s)‖C(Ω) ≤ r3, s ≤ t ≤ Tn, (2.14)
where the positive constants r2 and r3 depend on ‖h‖L2(Ω), but are independent of n and s.
Now multiplying (2.8)1 by ut + µu (µ ∈ (0, 1)) and integrating overΩ we have
d
dt
(
1
2
‖unt(t, s)‖2L2(Ω) +
1
2
‖∇un(t, s)‖2L2(Ω) + µ 〈unt(t, s), un(t, s)〉
)
+ (σ0 − µ) ‖unt(t, s)‖2L2(Ω)
+µ ‖∇un(t, s)‖2L2(Ω) ≤ µ |〈σl(w(t))unt(t, s), un(t, s)〉| + 〈fn(w(t))− f (w(t)), unt(t, s)〉
+µ |〈fn(w(t))− f (w(t)), un(t, s)〉| + |〈(σl(w(t))− α)vnt(t, s), unt(t, s)〉|
+µ |〈(σl(w(t))− α)vnt(t, s), un(t, s)〉| , 0 t ≥ s, (2.15)
where 〈ϕ,ψ〉 = ∫
Ω
ϕ(x)ψ(x)dx.
Let us estimate the right side of (2.15):
µ |〈σl(w(t))unt(t, s), un(t, s)〉| + 〈fn(w(t))− f (w(t)), unt(t, s)〉 + µ |〈fn(w(t))− f (w(t)), un(t, s)〉|
+ |〈(σl(w(t))− α)vnt(t, s), unt(t, s)〉| + µ |〈(σl(w(t))− α)vnt(t, s), un(t, s)〉|
≤ 1
4
µ ‖∇un(t, s)‖2L2(Ω) + µc3 ‖σl(w(t))‖2L3(Ω) ‖unt(t, s)‖2L2(Ω) + 〈fn(w(t))− f (w(t)), wt(t)− vnt(t, s)〉
+µ ‖fn(w(t))− f (w(t))‖L 6
5
(Ω) ‖un(t, s)‖L6(Ω) + ‖σl(w(t))− σl(0)‖L3(Ω) ‖vnt(t, s)‖L6(Ω) ‖unt(t, s)‖L2(Ω)
+µ ‖σl(w(t))− σl(0)‖L3(Ω) ‖vnt(t, s)‖L6(Ω) ‖un(t, s)‖L2(Ω)
≤ 1
2
µ ‖∇un(t, s)‖2L2(Ω) +
(σ0
2
+ µc3 ‖σl(w(t))‖2L3(Ω)
)
‖unt(t, s)‖2L2(Ω)
+ c4 ‖σl(w(t))− σl(0)‖2L3(Ω) ‖vnt(t, s)‖2L6(Ω) + c4 ‖fn(w(t))− f (w(t))‖2L 6
5
(Ω)
+ ‖fn(w(t))− f (w(t))‖L 6
5
(Ω) ‖vnt(t, s)‖L6(Ω) +
d
dt
〈Fn(w(t))− F(w(t)), 1〉 , 0 t ≥ s, (2.16)
where Fn(w) =
∫ w
0 fn(x)dx and F(w) =
∫ w
0 f (x)dx. Now taking into account (1.7), (2.11), (2.13) and (2.16) in (2.15) and
choosing µ small enough we find
d
dt
(
1
2
‖unt(t, s)‖2L2(Ω) +
1
2
‖∇un(t, s)‖2L2(Ω) + µ 〈unt(t, s), un(t, s)〉 + 〈F(w(t))− Fn(w(t)), 1〉
)
+ c5
(‖un(t, s)‖2L2(Ω) + ‖∇un(t, s)‖2L2(Ω)) ≤ c4 ‖σl(w(t))− σl(0)‖2L3(Ω) ‖vnt(t, s)‖2L6(Ω)
+ c6 ‖f (w(t))− fn(w(t))‖L 6
5
(Ω) , Tn ≥ t ≥ s. (2.17)
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To estimate the right side of (2.17) we use the splittingΩ similarly done in [10, Proposition 3.3]. By (1.7) and (2.11), we
have
‖σl(w(t))− σl(0)‖3L3(Ω) =
∫
{x∈Ω:|w(t,x)|>l}
|σl(w(t, x))− σl(0)|3 dx ≤ c7
(∫
{x∈Ω:|w(t,x)|>l}
|w(t, x)|6 dx
) 1
2
≤ c8 ‖un(t, s)‖3L6(Ω) + c8
(∫
{x∈Ω:|w(t,x)|>l}
|vn(t, s, x)|6 dx
) 1
2
, Tn ≥ t ≥ s.
Since, by (2.14),
{x ∈ Ω : |w(t, x)| > l} ⊂
{
x ∈ Ω : |un(t, s, x)| > 1r3 |vn(t, s, x)|
}
, Tn ≥ t ≥ s,
for l ≥ r3 + 1, we obtain
‖σl(w(t))− σl(0)‖2L3(Ω) ≤ c9 ‖∇un(t, s)‖2L2(Ω) , Tn ≥ t ≥ s, (2.18)
for l ≥ r3 + 1. On the other hand, by (1.4), (2.11) and (2.14), if n ≥ 2r3, then
|〈F(w(t))− Fn(w(t)), 1〉| ≤
∫
{x∈Ω:|w(t,x)|>n}
|F(w(t, x))− Fn(w(t, x))| dx
≤ c10
∫
{x∈Ω:|w(t,x)|>n}
(1+ |w(t, x)|3)(|w(t, x)| − n)dx
≤ 2c10
∫
{x∈Ω:|w(t,x)|>n}
|w(t, x)|4 dx ≤ 2c10
∫
{
x∈Ω:|un(t,s,x)|> 12 n
} |w(t, x)|4 dx
≤ 8c10
n2
∫
{
x∈Ω:|un(t,s,x)|> 12 n
} |un(t, s, x)|2 |w(t, x)|4 dx
≤ c11
n2
‖∇un(t, s)‖2L2(Ω) , Tn ≥ t ≥ s, (2.19)
and
‖f (w(t))− fn(w(t))‖L 6
5
(Ω) =
(∫
{x∈Ω:|w(t,x)|>n}
|f (w(t, x))− fn(w(t, x))| 65 dx
) 5
6
≤ c12
(∫
{x∈Ω:|w(t,x)|>n}
(1+ n2 + |w(t, x)|2) 65 (|w(t, x)| − n) 65 dx
) 5
6
≤ 3c12
(∫
{x∈Ω:|w(t,x)|>n}
|w(t, x)| 185 dx
) 5
6
≤ 12c12
n2
(∫
{
x∈Ω:|un(t,s,x)|> 12 n
} |un(t, s, x)| 125 |w(t, x)| 185 dx
) 5
6
≤ c13
n2
‖∇un(t, s)‖2L2(Ω) , Tn ≥ t ≥ s. (2.20)
So taking into account (2.18)–(2.20) in (2.17) we obtain that if l ≥ r3 + 1 and n is large enough, then
d
dt
Φn,s(t)+ k1Φn,s(t) ≤ k2 ‖vnt(t, s)‖2H1(Ω)Φn,s(t), Tn ≥ t ≥ s, (2.21)
where k1 > 0, k2 > 0 andΦn,s(t) = 12‖unt(t, s)‖2L2(Ω)+ 12‖∇un(t, s)‖2L2(Ω)+µ〈unt(t, s), un(t, s)〉+〈F(w(t))− Fn(w(t)), 1〉.
Multiplying both sides of (2.21) by e
∫ t
s [k1 − k2‖vnt(τ , s)‖2H1(Ω)]dτ , integrating over [s, T ] and multiplying both sides of
obtained inequality by e−
∫ T
s [k1 − k2‖vnt(t, s)‖2H1(Ω)]dt we find
Φn,s(T ) ≤ Φn,s(s)e−
∫ T
s
[
k1 − k2 ‖vnt(t, s)‖2H1(Ω)
]
dt, Tn ≥ T ≥ s. (2.22)
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On the other hand, by (2.10)–(2.12) we have∫ T
s
‖vnt(t, s)‖2H1(Ω) dτ ≤ c14 + ĉ2(n)
∫ T
s
∫ t
s
e−ω(t−τ) ‖wt(τ )‖2L2(Ω) dτdt
= c14 + ĉ2(n)
∫ T
s
eωτ ‖wt(τ )‖2L2(Ω)
∫ T
τ
e−ωtdtdτ ≤ c14 + ĉ2(n)
ω
∫ T
s
‖wt(τ )‖2L2(Ω) dτ
≤ ĉ3(n), 0 T ≥ s. (2.23)
Hence taking into account (2.23) in (2.22), choosing µ small enough and n large enough, we obtain that
lim
s→−∞ ‖(un(T , s), unt(T , s))‖H = 0, 0 T ≤ Tn, (2.24)
for every l ≥ r3 + 1. Now by (2.13) and (2.24), it follows that if l ≥ r3 + 1, then (w(Tn0), wt(Tn0)) ∈ H1 and∥∥(w(Tn0), wt(Tn0))∥∥H1 ≤ r2,
for some Tn0 < 0. Thus by Lemma 2.1, there exists l0 ≥ r3 + 1, such that if l ≥ l0, then
‖(w0, w1)‖H1 ≤ r̂2,
where the constant r̂2, similar to the constant r2, is independent of (w0, w1). Since (w0, w1) is an arbitrary element of A,
the last inequality completes the proof. 
3. Proof of Theorem 1.2
From the proof of Theorem 2.1 one can see that when l ≥ l0, for every (w0, w1) ∈ A, problem (1.1)–(1.3) has a unique
strong solutionw ∈ L∞(0,∞;H2(Ω)) ∩W 1,∞(0,∞;H10 (Ω)) ∩W 2,∞(0,∞; L2(Ω)), which satisfies the following energy
equality:
E(w(t))+
∫ t
s
〈σl(w(τ))wt(τ ), wt(τ )〉 dτ + 〈F(w(t)), 1〉 − 〈h, w(t)〉
= E(w(s))+ 〈F(w(s)), 1〉 − 〈h, w(s)〉 , 0 t ≥ s ≥ 0,
where E(w(t)) = 12 (‖∇w(t)‖2L2(Ω)+‖wt(t)‖2L2(Ω)). So using the above energy equality and the proof of [3, Lemma 3.4], one
can prove the following lemma:
Lemma 3.1. Let conditions (1.4)–(1.7) hold and B be bounded subset of H . Also assume l ≥ l0. Then every sequence of the form
{S(tn)ϕn}∞n=1, {ϕn}∞n=1 ⊂ B, tn →∞, has a convergent subsequence inH .
Now by Lemma 3.1, it is easy to see thatA is a strong global attractor for {S(t)}t≥0 inH .
Remark 3.1. From Lemma 2.1 and Theorem 2.1 it follows that the invariant trajectories on the strong global attractorA are
the solutions of Eq. (2.1)1.
Remark 3.2. Let us consider the following initial-boundary value problem for the 3Dwave equation with nonlinear interior
damping:{
wtt + gl(wt)−1w + f (w) = h(x), in (0,∞)×Ω,
w = 0, on (0,∞)× ∂Ω,
w(0, ·) = w0, wt(0, ·) = w1, inΩ,
(3.1)
where Ω ⊂ R3 is a bounded domain with sufficiently smooth boundary, h ∈ L2(Ω), the function f ∈ C2(R) satisfies (1.4)
and (1.5) and g satisfies the following conditions:{• gl ∈ C1(R) ∩ C2(R \ {±l}), (l > 0), gl(0) = 0, ∣∣g ′′l (s)∣∣ ≤ c(1+ |s|2), 0 s ∈ R \ {±l},
• 0 < m ≤ g ′l (s) ≤ M(1+ g(s)s)
2
3 , 0 s ∈ R, g ′l (s) = α, 0 s ∈ [−l, l].
(3.2)
The existence and certain properties of the strong global attractor for (3.1) inH were studied in [11–14] and references
therein. The existence and regularity of the strong global attractor for (3.1) inH1 was established in [15] for 2D case. In that
article the existence of a strong global attractor for the 3D wave equation inH1 with superlinear (at infinity) damping was
left as an open question. Using the techniques of the present paper and the results of [5] one can prove that under conditions
(3.2) problem (3.1) has a strong global attractor inH1 for large enough l > 0.
Remark 3.3. When l is small, the existence of a strong global attractor in H for (1.1)–(1.3) and the existence of a strong
global attractor inH1 for (3.1) are still open questions.
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